In this paper the subnormal subgroup closed saturated formations of finite soluble groups containing nilpotent groups are fully characterised by means of extensions of well-known properties enjoyed by the formation of all nilpotent groups.
INTRODUCTION AND NOTATION
All groups considered in the paper will be finite and soluble. The class of groups whose members are a direct product of Hall subgroups corresponding to a given partition of the set of all primes is a subgroup-closed saturated formation enjoying many interesting properties of nilpotent type. In fact, this family of formations was characterised in [2] as the subgroup-closed saturated formations T for which the set of all ^"-subnormal subgroups of each group G is a sublattice of the subgroup lattice of G. Hence the members of this family are called lattice formations.
The purpose of this paper is to prove that the majority of properties of nilpotent type enjoyed by the lattice formations actually characterise them (Theorem 1).
On the other hand, it is known that the Fitting subgroup of a group which is the product of two nilpotent subgroups inherits the factorisation [1, Lemma 2.5.7] . The natural question is now for which subgroup-closed Fitting formations T the ^-radical of a group G which is the product of two ^-groups inherits the factorisation. As application of Theorem 1, we see that this property also characterises the aforesaid subgroup-closed Fitting formations. This is Theorem 2 of the paper.
We shall adhere to the notation and terminology employed in [5] . This book is our main reference for results concerning formations and Fitting classes. For the sake of completeness, we gather some notation and recall some definitions and results. We 428 A. Ballester-Bolinches, M.D. Perez-Ramos and A. Martinez-Pastor [2] denote by IP the set of all prime numbers and, for a prime p, C p is the cyclic group of order p. For a group G, ir(G) denotes the set of all prime divisors of \G\. If X is a class of groups, the characteristic of X is charA" = {p € P | C p e X}. The boundary b(X) of a class of groups X consists of all groups G satisfying G £ X and G/N € X for all 1 ^ TV <3 G. If 7r is a set of prime numbers, let 5 and S* denote the classes of soluble and soluble 7r-groups, respectively. The well-known Gaschutz-Lubeseder-Schmid Theorem states that in the general finite universe, saturated formations are exactly local formations, that is, formations (ii) For each prime number p e P , every
, a group G is an .F-group if and only G has a normal Hall ^-subgroup, for every i e I. Therefore, it is clear that (ii) holds.
(ii) implies (i). Arguing as in (2) and (3) of [2, Theorem 3.3] , we obtain that if p and q are two prime numbers such that p € charF(g), then charF(p) = charF(g). Now, by [5, IV,Lemma 3.16], F(p) is a subgroup-closed Fitting class for every prime p. Hence, if p,g G P and p€ charF(g), then 5 P C F{q).
We see that if p € P and n{p) -
is a subgroup-closed Fitting class and F is integrated, it follows that F(p) C S,,^) n T, [3] Finite soluble groups 429 for every prime p . Assume that there exists a prime p such that
Consequently, if p and q are two prime numbers such that p € charF(g), then
Finally, we claim that for every prime
, we choose a group G of minimal order in <Sir(p)\F(p). Then G is again a primitive group, Soc(G) is a g-group, with q € n(p), and 
) If H and K are two T-subnormal subgroups of a group G, then (H, K) r = (3) T is a Fitting class satisfying that ifG is a group, V is an T-injector ofG and H is an 7-subnormal subgroup of G, then V C\H is an 7-injector of H. (4) T is a Fitting class such that the T-radical G? of a group G is: Gr = (X€T\Xis T-subnormal in G). (5) IfH and K are two T-subnormal T-subgroups of a group G, then (H, K) e T. (6) T is a Fitting class and if H is an T-subnormal T-subgroup of a group G,
then (H, H 9 ) 6 T for every g€G. 
G/C G {N) 6 F(p) since G € .F. If # , < C G (7V), we have H = H q x H 7 G N Q T, a contradiction. Hence g £ n(G/Ca(N)). This is to say that q s charF(p) and so S q Q F{p) because F(p) is a Fitting class by [5, IV,Lemma 3.16]. Therefore H = H 7 H q € S p F(p) = F{p) C T since F is full and integrated, a contradiction.
Notice now that if T is a saturated Fitting formation satisfying either (3) or (4), we can apply similar arguments to those used above to conclude that T is also subgroupclosed.
(1) equivalent to (2) . First observe that if T is an s n -closed saturated formation satisfying (2), then it is a Fitting class since every subnormal subgroup is ^-subnormal. Hence T satisfies (6) and it is subgroup-closed because of the previous proof. Consequently, (1) equivalent to (2) 
By applying (6), we have ff«f, a contradiction.
Consequently, G is cyclic and the circle of implications is complete. D We say that a saturated Fitting formation containing TV is a lattice-formation if it satisfies one of the conditions of Theorem 1.
S O M E APPLICATIONS
In this section we give some applications of our main result in the framework of factorised groups. We recall here some definitions and elementary facts about these groups (see [1] ). If a group G is the product of two subgroups A and B, we say that a subgroup S is factorised \i S = (AnS) (BnS) and Let {TTi}i£i be a partition of the set P of all primes and let T be the formation locally defined by the integrated and full formation function F given by F(p) = S ni for every prime number p G TTJ and for every i £ I. Assume that the result is false and choose for G a counterexample of smallest order.
It is clear that G is in the boundary of T. Consequently G must be a primitive group with a unique minimal normal subgroup TV. Let p be the prime dividing the order of iV and let i € I such that p G TTJ. NOW, since K is a normal .F-subgroup of G, if j G / and j ^ i, we have that PROOF: (1) implies (2). Let {7i"i}; e / be a partition of the set P of all primes and assume that T is the saturated Fitting formation locally denned by the integrated and full formation function (2) implies (1). We prove that every primitive group G 6 TTl b(F(p)) is cyclic and then we apply Lemma 1 to obtain the result. Let N be the unique minimal normal subgroup of the primitive group G € .Fn&(F(p)). Then TV is a g-group, where q is a prime number, q ^ p. If we assume that G is not a cyclic group, there exists M ^ 1, M € F(p) such that G is the semidirect product 
